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Introduction 

What is the goal of this project? 
"#$%!&'()*+,!-$.%!-,!/*0$1$12!3#-,!.-,#*.-,$+%!*/4+-,$(1!%#(45/!5((6!5$6*!$1!,#*!78%,!+*1,4'9:!"(!/(!%(;!3*!
3$55!-,,*.&,!-,!*%,-<5$%#$12!-!%91,#*,$+*,1#,4,53*,+*&"#$%&"#'() :!==>!+(1%$/*'%!,#-,!$,!.$2#,!<*!&(%%$<5*!,(!
%#(3!3#-,!?-,#*.-,$+%! !"#$%&<*! ,*-+#$12!$1! ,*'.%! (0!+(1+*&,%@+(1+*&,%! ,#-,!&*(&5*! (42#,! ,(! '*.*.<*'!
*A*1!-0,*'! ,#*9!#-A*!0(' 2(,,*1!#(3! ,(!&'*+$%*59! .-1$&45-,*! '("!)**)*&"(&+""$*,!B,!$%!(4'! ,#*%$%!,#-,!+(1+*&,%!
-1/! &'(+*%%*%!%#(45/! <*! %,'*%%*/! $1! .-,#*.-,$+%! */4+-,$(1! $1%,*-/! (0! '(,*! &'(+*/4'-5! 61(35*/2*;! -%!
/*%+'$<*/!$1!&-&*'!C7!(0!,#$%!%*'$*%:&"#*'*0('*;!,#*!0$'%,!%,*&;!3#$+#!$%!,#*!0(+4%!(0!,#$%!&-&*';!$%!,(!*%,-<5$%#!-!
%#(',!5$%,!(0!%4+#!!"-!)'+* !-1/! '("!)**)* :!!

"#*! =*1,*'! 0('! =4''$+454.! >*/*%$21! 3(45/! 5$6*! ,(! ,#-16! D':! E-5.-1! F%$%6$1! 0('! #$%! &'*+$(4%! #*5&! $1!
$/*1,$09$12!,#*!+(1+*&,%!-1/!&'(+*%%*%!%#(',5$%,*/!$1!,#$%!&-&*':!

Challenges Faced – Dowling & Dudley 

B1!$/*1,$09$12!4%*045!.-,#*.-,$+-5!+(1+*&,%;!,#*!G4*%,$(1%!(0!3#-,!3*!.*-1!<9!.-,#*.-,$+%!-1/!3#-,!$%!,#*!
&4'&(%*!(0!-!.-,#*.-,$+%!*/4+-,$(1!+(.*%!0'(1,!-1/!+*1,*':! !

H'1*%,! ! $/*1,$0$*/! $1! ,#*! 5-,*! 8IIJ%! 0$A*! /$00*'*1,! 2'(4&%! +(1,*%,$12! ,#*! 1-,4'*! -1/! -$.%! (0! .-,#*.-,$+%!

+4''$+454.K!

8:!!!!!.-%#*+(/0$&1(0/-)(&0/2*&3&L<-+6M,( M<-%$+%LK!14.*'-+9!-1/!%(+$-5!,'-$1$12!$1!(<*/$*1+*!N-4,#('$,-'$-1OP!

7:!!!!!1)!4-"$"5/!0$&6(0520+/*+&0/2*&3&4%*045!.-,#*.-,$+%!,(!,#*!-&&'(&'$-,*!5*A*5!-1/!61(35*/2*!-1/!%6$55!
+*',$0$+-,$(1!N$1/4%,'9M+*1,*'*/OP!

Q:!!!!!7$%&8#20-/*+&0/2*&3&,'-1%.$%%$(1!(0!,#*!<(/9!(0!.-,#*.-,$+-5!6 1(35*/2*!N.-,#*.-,$+% M+*1,*'*/OP!

R:!!!!!6("5()**/9)&:%#!0+"(&0/2*&3&+'*-,$A$,9;!%*50M!'*-5$S-,$(1!,#'(4 2#!.-,#*.-,$+%!N+#$5/M+*1,*'*/OP!0-%&

T:!!!!!6#;$/!&:%#!0+"(&0/2*&3&+'$,$+-5!-3-'*1*%%!-1/!/*.(+'-,$+!+$,$S*1%#$&!A$-!.-,#*.-,$+%!N%(+$-5!
)4%,$+**+*1,*'*/O: !

U*A*'-5;! $0! 1(,! -55! (0! ,#(%*! 2'(4&%V! &#$5(%(&#$*%! '*59! (1! ,#*! -%%4.&,$(1! ,#-,! .-,#*.-,$+-5! +(1+*&,%!-'*!
(<%*'A-<5*! $1! /-$59! ,-%6%! -1/! ,#-,! -! .-%,*'9! (0! .-,#*.-,$+%! +(45/! #*5&! <*,,*'! -++(.&5$%#! ,#(%*! ,-%6%:!
W(3*A*';!'*%*-'+#!#-%!<'(42#,!*5*.*1,%!(0!'*05*+,$(1!-55(3$12!4%!,(!G4*%,$(1!,#$%!-%%4.&,$(1:!

X(35$12" ! 1(,*/! $1! #$%!<"!/"$"5=& ">& ?0+4)20+/!*& :%#!0+/"-! ,#-,! ,#*! -<$5$,9! ,(! 0('.45-,*! -! &'(<5*.! 4%$12!

.-,#*.-,$+-5!+(1+*&,%!/$/!1(,!1*+*%%-'$59!.*-1!,#-,!.-,#*.-,$+%!3-%!$1A(5A*/!('! ,#-,!$,!+(45/!#*5&!<*,,*'!
%(5A*!,#*!&'(<5*.:!Y1*!.$2#,!,#$16!$1/**/;! ,#-,!-!0-+,('9!3('6*'%!%(',$12!(<)*+,%!<-%*/!(1!,#*$'!%#-&*! -1/!
%$S*! (1! -! &'(/4+,$(1! 5$1*! $%! /($12! 1(,#$12! <4,! -52('$,#.$+! -1/! 2*(.*,'9:! D'(A$12! #(3*A*'! ,#-,! -! 2((/!
41/*'%,-1/$12!(0!,#*!'*5-,*/!+(1+*&,%!+-1!#*5&!,#*!3('6*'!<*,,*'!/(!#$%!)(<!.-9!,4'1!(4,!'-,#*'!/$00$+45,: !

                                                
1  Ernest, P. (2002). The philosophy of mathematics education. Psychology Press. 
2  Dowling, P. (2002). The sociology of mathematics education: Mathematical myths/pedagogic texts. Routledge. 
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X4/5*9#!-5%(! ,-+65*/!$1! -1!Z?U!1(,$+*! ,#*!G4*%,$(1! (0! ,#*!4%*! (0! .-,#*.-,$+%!(4,%$/*! (0! ,#*! -+-/*.$+! -1/!

%+#((5!3('5/;!-'24$12!,#-,!&*(&5*!+5-$.$12!,(!<*!4%$12!.-,#*.-,$+%!3*'*!(0,*1!.$%,-6*1;!('!3*'*!1(,!-,!5*-%,!
4%$12!.-,#*.-,$+%!,(!-!/*2'**!)4%,$09$12!,#*!&(%%*%%$(1!(0!-!%,'(12!.-,#*.-,$+-5!<-+62'(41/: !

U+$*1,$0$+!5$,*'-,4'*!/*-5$12!3$,#!<(,#!&4'&(%*!-1/!4%*0451*%%!(0!.-,#*.-,$+%!*/4+-,$(1!/(!1(,!/*19!,#*!1**/!
0('! .-,#*.-,$+$-1%!$1!%(+$*,9:! [#-,!$%!G4*%,$(1*/!1(1*,#*5*%%!$%! '-,#*'! ,#*! /*2'**! ,(!3#$+#! .-,#*.-,$+- 5!
5$,*'-+9!$%!1*+*%%-'9!(1!-!25(<-5!%+-5*;!-1/!,#*!0450$55.*1,!(0!$,%!*\&*+,-,$(1:!

=#-55*12*%!0-+*/!<9!.-,#*.-,$+%!*/4+-,$(1!%**.!<(,#! !#$+#(0$!-1/! *"!/"$"5/!0$K!!

Y1!(1*!#-1/;!.-,#*.-,$+%!*/4+-,$(1!.4%,!+45,$A-,*! 20+4)20+/!0$!0@0()-)** !0('!&*(&5*!,(!-+61(3 5*/2*!
3#*1! ,#*9! -'*! 4161(3$1259! /($12! ('! +(45/! 61(3$1259! 4%*! .-,#*.-,$+%! ,(! %(5A*! -! 2$A*1! &'(<5*.! ('!
-++(.&5$%#!-!2$A*1!,-%6:!W(3*A*';!,#$%!+-11(,!<*!/(1*!3$,#(4,!,-6$12!$1,(!-++(41,!%(+$(M+45,4'-5!0-+,('%K!
-%!,#*'*!$%!1(!+45,4'-559!1*4,'-5!3-9!,(!/(!.-,#* .-,$+%;!.-,#*.-,$+-5!0('.-5$%.!3$55!'*.-$1!*.<*//*/!
$1,(! -!%&*+$0$+!+45,4'*! -1/!%(+$-5!*1A$'(1.*1,;!+'*-,$12!-!&(,*1,$-5!0('.-5$%.!-1/! '*-%(1$12!2-&!-+'(%%!
+45,4'*%!-1/!%(+$-5!+5-%%*%:!

Y1! ,#*! (,#*'! #-1/;! .-,#*.-,$+%! */4+-,$(1! .4%,! 1(,! 1*25*+,! ,#*! %(+$(5(2$ +-5!0''("'(/0+)-)** ! (0! $,%!
,*-+#$12K! %(54,$(1%;! -&&'(-+#*%! -1/! '*-%(1$12! &'(.(,*/! <9! .-,#*.-,$+%! */4+-,$(1! .4%,! ,-6*! $1,(!
-++(41,! -5,*'1-,$A*%! ,(! .-,#*.-,$+%! /*A*5(&*/! <9! &*(&5*! ,(! -A($/;! 1(,! 1*+*%%-'$59! 61(3$1259! ('!
$1,*1,$(1-559;!4%$12! .-,#*.-,$+%:!"#$%!&'(<5*.! (0!%(+$(5(2$+-5!0''("'(/0+)-)** !'*5-,*%!<-+6!,(! ,#*!$%%4*!
.*1,$(1*/!<*0('* @,#*!&(%%$<$5$,9!,(!+#-'-+,*'$S*!-!&'(<5*.!.-,#*.-,$+-559!3$,#(4,!.-,#*.-,$+%!<*$12!
1*+*%%-'$59!1*$,#*'!-!&*',$1*1,!%(54,$(1!1('!-!&*',$1*1,!-&&'(-+#!,(!-/(&,:!!

]-$54'*!,(!,- 6*!$1,(!-++(41,!,#(%*!+#-55*12*%!3$55!&4,!.-,#*.-,$+%!*/4+-,$(1!-,!'$%6!(0!'*.-$1$12!-!&4'*59!
$1,*55*+,4-5!*\*'+$%*!/$%+(11*+,*/!0'(.!&*(&5*V%!/-$59!*\&*'$*1+*%:!"(!<*!*00$+$*1,;!.-,#*.-,$+%!*/4+-,$(1!
.4%,!$1/**/!1(,! (159! /*A*5(&!%&*+$0$+! .-,#*.-,$+-5!%6$55%!-1/!61(35*/2*!<4,! -5%(! '*/4+*! ,#*!2-&! ,#-,!
.-9! *\$%,! <*,3**1! %+#((5$12! -1/! 1(1 M-+-/*.$+! *1A$'(1.*1,%! <9! ,*-+#$12! #(3! ,(! +(11*+,! /-$59!
*\&*'$*1+*%!3$,#!.-,#*.-,$+%!3#*1!-&&'(&'$-,*!-1/!#(&*04559!#*5&!+(.<-,!1*2-,$A*!-00*+,!*\&*'$*1+*%!
N0*-'!(0!.-,#%O:!

^* *&$12! ,#(%*!$%%4*%!$1! .$1/;! (1*!+(45/!%422*%,! -1! (&,$.$%,$+! -&&'(-+#! '*59$12! (1! ,#*! ,'-1%.$%%$(1! (0!
$1,*'/$%+$&5$1-'9!+(1+*&,%!.(/*5*/!-5(12!3#-,!&*(&5*!/*-5!3$,#;!<(,#!&'-+,$+-559!-1/!+(1+*&,4-559;!(1!-!
/-$59M<-%$%:! =(45/! $,! <*! ,#-,! <9! '*/4+$12! ,#*! +(1%,'-$1,%! %*,! <9! ,#*! -<%,'-+,! 0('.-5$%.! (0! .-,#*.-,$+%!
*/4+-,$(1;! -1/! $1%,*-/! 0(+4%$12! (1! ,#*! ,*-+#$12! (0! ,#(%*! +(1+*&,%! -1/! &'(+*%%*%;! 5*-A*! -! ,'-+6!
-++(.&-19$12! &*(&5*! -55! -5(12! ,#*$'! $1,*55*+,4-5! 5$0*_! Z1/! %(;! 5(12! -0,*'! ,#*9! #-A*! 5(%,! ,#*! .-%,*'9! (0!
.-,#*. -,$+%!-+G4$'*/!,#'(42#!,#*$'!-+-/*.$+!-1/!%+#((5$12!*\&*'$*1+*%:!

What do we mean by concepts and processes? 

à!!A"-!)'+* !-'*!/*0$1*/!-%!1(,$(1%`-<%,'-+,!$/*-%:!

=(1%$/*'$12! ,#*! *1%*.<5*! (0! .-,#*.-,$+-5! +(1+*&,%! '*&'*%*1,*/! $1! -! ,'**;! 3$,#! -,! $,%! ,(&! ,#*! +(1+ *&,!
a.-,#*.-,$+%b;!3*!,'9!,(!/*%+'$<*!,#*!#$2#*%,!5*A*5!&(%%$<5*!$1!('/*'!,(!#-A*!,#*!.(%,!%91,#*,$+!5$%,!+(A*'$12!
,#*!.('*!1(,$(1%:![*!/(!1(,!.*1,$(1!3#-,!+(45/!<*!+-55*/! ;(0-!4)* !N%4+#!-%!a-52*<'-b;!a2*(.*,'9b;!*,+:O!-1/!

                                                
3  Dudley, U. (2010). What Is Mathematics For?. Notices of the AMS, 57(5), 608-613. 
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(159! 5$%,! +(1+*&,%;! 0('! +5-'$,9V%!%-6*:! Y4'! 2(-5! $%! ,(! &'(/4+*! -! 5$%,! -%! %#(',! -%! &(%%$<5*! (0! %*50M*\&5-1-,('9!
+(1+*&,%!%422*%,$12!-%!.-19!%4<M+(1+*&,%!-%!&(%%$<5*:!!

Example: 

B1! ,#*! 0(55(3$12! *\-.&5*;! 3*! $554%,'-,*! -! ,'-/$,$(1-5! '*&'*%*1,-,$(1! (0! .-,#*.-,$+-5! +(1+*&,%! $1! 3*%,*'1!
+4''$+454.!N%**! '*0*'*1+*%O:!F1/*'! .-,#*.-,$+%!-'*! '*&'*%*1,*/!0(4'!+-,*2('$*%!N1(1 M*\#-4%,$A*OK!-52*<'-;!
2*(.*,'9;!-1-59%$%!-1/!&'(<-<$5$,$*%:!Z55!,#(%*!+-,*2('$*%!3$55!,#*1!$1,'(/4+*!.-,#*.-,$+-5!+(1+*&,%!-1/!%4<M
+(1+*&,%:!Y4'! -&&'(-+#!2-,#*'%!%4<M+(1+*&,%! ,(2*,#*'! -+'(%%!+-,*2('$*%!$1! ('/*'! ,(! '*/4+*! ,#*! 14.<*'! (0!
+(1+*&,%!5$%,*/!-1/!-/(&,!-!,'-1%M+-,*2('9!-&&'(-+#:!]('!$1%,-1+*;!3*!0$1/!,#-,!,#*!+(1+*&,%!(0!&*'+*1,-2*%!$1!
&'(<-<$5$,$*%! -1/! (0! 2'(3,#! '-,*! -1/! /*'$A-,$A*! $1! -1-59%$%! #-A*! $1! +(..(1! ,(! /*-5! 3$,#! (0+)* !N/*'$A-,$A*!
<*$12! -! 2'(3,#! '-,*%! A-'$-,$(1O,&"#*9! 3$55! 1(,! -&&*-'! $1! (4'! 5$%,! (0! +(1+*&,%! <4,! 3$55! <*! %422*%,*/! <9! ,#*!
+(1+*&,!a'-,*b:!!

!

$
$
$
à!! 6("!)**)* !-'*!,(!<*!41/*'%,((/!-%!.*,#(/(5(2$*%!('!61(3 M#(3!'*5-,*/!,(!,#*!.-1$&45-,$(1!(0!,#*!5$%,*/!

+(1+*&,%:!"#*%*!-'*!/*%$21*/!1(,!,(! '*.-$1!0$*5/ M%&*+$0$+!-1/!%#(45/!,#*'*0('*!<*!-&&5$+-<5*!(4,%$/*!(0!
.-,#*.-,$+%: !

  

 

?-,#*.-,$+%  

Z52*<'-  c*(.*,'9  Z1-59%$% Z'$,#.*,$+  

d  d  

c'(3,#!'-,*  D*'+*1,-2*% 

X*'$A-,$A* 

%&'()*+$,$-./012$
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List of Concepts!   

Concepts Additional Information (and sub-concepts) 

Approximation Notions of round up/down, truncation, ! !!margin of error, etc. 

Algorithm Notions of step, loop and automation. 

Continuity Mostly related to functions. Continuous probabilities distribution may be introduced 

Dimension 1D, 2D, 3D, n dimension in algebra, etc. 

Discreteness Discretization (FFT), sequences (arithmetic and geometric), etc. 

Distance Geometric (distance, scalar product, projection, length, coordinates, etc.) 

Distribution 
Normal distribution (Gaussian distribution), statistical dispersion, data distribution (mean, 
median, variance), etc. 

End and Local behavior Maxima en minima, local and global extrema, Notion of limit 

Network Connectivity, relationships, weighing 

Number Real, complex, etc. Arabic, Roman, Indian, etc. Base 10/12/60 etc. 

Operation 
Unary, binary, ternary, commutative, associative. Includes notions of sum: addition, series, 
etc. Includes also Boolean operator in logic. 

Order theory Equality, inequality, notions of opposite and inverse, etc. 

Probability As a concept, not as a field (i.e. answer the question: what is a probability?) 

Randomness In probabilities 

Rates Growth rate, percentages, etc. Includes derivative (growth rate variation) 

Representation 
Includes concepts such as array or matrix; curves (hyperbola, parabola); geometric figures, 
etc. Includes also tree structure in programming. 

Set Finite, infinite, numbers, etc. 

Simplification In algebra (simplifying an expression such as (abc+acd/ac) 

Space Euclidian, vectorial, etc. 

System System of equations, system of parameters, system of coordinates, etc. 

Transformation 
Includes geometric transformations (homothecy, rotation, etc.). Introduces also the notion 
of invariance. 

Variable 
Introduces the notion of function (with specific functions such as logarithm, exponential, 
two variables, etc.). Can also introduce geometric equation (plan, straight line, sphere, etc.) 

Vector Includes notions of vector fields and spaces 

                                                
4  This list was developed using a variety of mathematics curriculum (see Additional References) as well as The Mathematics Dictionary by James 

R.C. and James G. (1992), and is intended to be augmented and refined over time. For related work, see the more extensive and high-level 
Ontology for Engineering Mathematics by Gruber T.R. and Olsen G.R. (1994): http://www-ksl.stanford.edu/knowledge-
sharing/papers/engmath.html 
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"
e*5(3 ! 3*! $1+54/*! a.*,- M+(1+*&,%b! '*5-,*/! ,(! &"#$%&"#'("4* -%"),1'15 :! "#(%*! +(1+*&,%! $1+54/*!
.-,#*.-,$+-5! 1(,$(1%! $1A(5A*/! $1! %"/-5&.-,#*.-,$+%! '-,#*'! ,#-1! .-,#*.-,$+%! $,%*50;! 3#$+#! $%! 3#9! 3*!
%*&-'-,*/!,#*.!0'(.!,#*!&'*A$(4%!5$%,:! !

Schema of meta-concepts 

!

 
  

Z\$(.  

W9&(,#*%$% D(%,45-,* F161(31  

X*0$1$,$(1 ]('.45-  "#*('*.  D'(&*',9  

X*.(1%,'-,$(1  D'((0  

Z</4+,$(1 =(1,'-/$+,$(1  =(1,'-&(%$,$(1 X*/4+,$(1  

HG4$A-5*1+* 

=-4%* 

=(1%*G4*1+* 

=(1+54%$(1 U(54,$(1 >*%45, 

"*%, 

H\$%,*1+* F1$G4*1*%% 

B.&5$+-,$(1 B1/4+,$(1 U955(2$%. 
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List of processes. 
(Source: Pr. Zal Usiskin, University of Chicago)$

 
#$%&'((" )'(&$*+,*%-("%$"(./0+$%&'(('("

Proving 

Knowing general properties by name or description; justifying a result by 
recourse to a general property or procedure; showing how one statement leads 
logically to another; identifying gaps in logical arguments; deducing new results. 
(See meta-concepts circled in red, above) 

Representing 

Using a number line; displaying data with a graph of one type or another; 
graphing equations in the coordinate plane or in 3-space; using an algebraic 
description of a geometric figure; representing a network by a graph or matrix; 
using ordered n-tuples to describe vectors. 

Modeling 

Simplifying a real situation in order for it to be considered mathematically; 
finding mathematics (a mathematical model) that might apply to a real 
situation; translating results found in the mathematical model back into the 
situation and testing for feasibility.   

Symbolizing 

Measuring; mathematizing a situation; interpreting numbers, numerical 
expressions, and algebraic expressions with and without contexts (literacy); 
defining and classifying terms; estimating and dealing with estimates; scaling 
and dealing with scales. 

Problem-solving 

Recognizing a well-defined problem and the differences between what is 
known and what is to be found; utilizing strategies such as Òdraw a pictureÓ, 
Òthink backwards from what is to be foundÓ, Òtry a simpler problemÓ, etc.; 
checking a solution using a strategy different from that used to find the solution; 
generalizing the problem. 

Computing 

Recalling basic computational facts; carrying out arithmetic and algebraic 
procedures and working with geometric constructions; inventing algorithms for 
these and other procedures; programming; using technology to carry out 
procedures. 

$

 

Conclusion 

$
B1!+(1+54%$(1;!3*!%,'*%%! ,#-,! ,#$%!&-&*'! $%!&4'*59! *\&5('-,('9;! -1/! .*-1,! ,(!%,$.45-,*!+(1A*'%-,$(1;!1(,! ,(!
+(1+54/*!-!%&*+$0$+!5$%,!(0!=(1+*&,%!-1/!D'(+*%%*%:![*!#(&*!,(! +(1,$14*!/*A*5(&$12!$,!3$,#!,#*!?-,#*.-,$+%!
+(..41$,9!$1!,#*!.(1,#%!-#*-/: $ !
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Additional References 

$
 

1.$$*&.2.3" 4*-5"

UNESCO Ð  

Learning Metrics Task Force 
Full report not published. Else, see here  

Singaporean curriculum 
http://www.moe.gov.sg/education/syllabuses/sciences/files/maths-primary-
2013.pdf 

Finnish curriculum http://www.oph.fi/download/47672_core_curricula_basic_education_3.pdf 

Massachusetts' curriculum http://www.doe.mass.edu/frameworks/math/0311.pdf 

Swiss curriculum 
http://www.coe.int/t/dg4/linguistic/Source/Source2012_Sem/semSept/Linnewe
ber_HarmoS-MatrixFr.pdf 

French curriculum http://media.education.gouv.fr/file/special_6/52/5/Programme_math_33525.pdf 

Australian curriculum http://www.acara.edu.au/verve/_resources/Australian_Curriculum_-_Maths.pdf 


